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Some aspects of the interplay between approximation properties of analytic
functions and the smoothness of its boundary values are discussed. One main result
describes the equivalence of a special g-modulus of continuity and an intrinsic
K-functional. Further, a generalization of a theorem due to G. H. Hardy and
J. E. Littlewood (1932, Math. Z. 34, 403-439) on the growth of fractional deriva-
tives is deduced with the help of this K-functional.  © 2002 Elsevier Science (USA)

1. INTRODUCTION
In this paper we discuss some approximation properties of analytic

functions on the unit disc D, f(z) from H?(D), p> 0, with finite quasi-
norm

1 ;2 4 5
= (w0, 52 [ Ge g ) 0<p<co
0<r<12mJo

In the sequel we will simply write H” for this space. It is well known that a
function f € H?, p>0, has a nontangential limit f(e”) from L?(T) for
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almost all ¢ € [0, 27). Here we denote by L?(T) the measurable, 2z-periodic
functions with finite quasi-norm

o =81, = (55 [ e do ).

Then, cf. [19], there holds || f]lz» = || f]l,-
We consider the following two Problems:

(a) the equivalence of a special g-modulus of continuity, based on
divided differences, and a “natural”’ K-functional on H?,

(b) the characterization of the growth of fractional derivatives of
analytic functions on D by the smoothness of the boundary values.

Concerning Problem (a) we follow Tamrazov [25] and define the
g-modulus of continuity &,,(, 1), via divided differences. In our situation
these are based on an equidistant partition of the unit circle. The
g-modulus has the important property that &,,(d, P,_;), =0 for all alge-
braic polynomials of order m—1 (in contrast to the classical modulus of
continuity which does not annihilate trigonometric polynomials).

The K-functional in question is given by

K, (@, f),:= jof {If —glur+0 g™ lur}- (L1

g™ em

Since g™(z) = (d/dz)™ g(z) is the standard m-th derivative, this definition
of a K-functional on H?” is intrinsic. One can interpret this K-functional as
a measure of the approximation of f by an analytic function g with simul-
taneous control (in norm) of the derivatives of g. This point of view is
reflected by the proof of the equivalence between K,,(J, f), and &,,(4, f),
which follows the pattern of a proof developed by Oswald [17] in a related
situation. Essential use is made of an inequality of Bernstein—Nikol’skii—
Stechkin type and of an inequality of Jackson type, both involving the
g-modulus of continuity.

Concerning Problem (b) we recall the following classical result of Hardy
and Littlewood [13] on analytic functions on D.

Let f(z)=Ya,z" fl2)=Y T (n+1)/T(n+1-p))a,z"¢. Then
f(2) € Lip(a, p), —14+a < B <a, implies f*(z) e Lip(a— B, p).

This was generalized by Zygmund [28], Brudnyi and Gopengauz [5],
Storozenko [23], and others. In view of the above mentioned equivalence,
their results may be summarized as

1f e, < Cpy(1=1)"K(1=1)", f),s meN. (12)
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We will discuss an extension of (1.2) to appropriate fractional derivatives
as well as the corresponding converse inequality (see Theorem 3.1) in
Section 3.
2. ¢-MODULI OF CONTINUITY
The classical modulus of continuity w,,(d, ), is given by

(8. )y 1= sup 1471 @

where
A [ =3 (-1 <’7 ) fletes).

Let us introduce a g-modulus of continuity. The divided difference of a
function f with respect to the knots z; € C is given by

(20> Z1s - Zms S 1= z f@) ] (—z)7" 22

i#j

Choosing z; = zg’, z = €', g = ", in (2.2), we define the g-difference opera-
tor V7 by

Vi) =202 2 1] G=20) 23)

and, analogously to w,,(d, f),, the g-modulus of continuity @&,,(d, f), by

(8, f)y = sup IV £, @4

We mention the standard properties following from (2.3) (see [6, pp. 120]
for the real case and [24])

3,0, f+8), 3,9, ), +0,(3, g),, (2.5)
@, (nd, ), Sn" @, (8, ), s =min(1, p), (2.6)
@0, 1), Sy B0, ), SIS, (2.7)

Here and in the following we use the notation 4 < B for A< C,B and
A~ B if C;B< A< C,B. Positive constants in the estimates of this paper
do not depend on f and n.
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It is clear from (2.3) and (2.2) that
m—1 )
@,,(8,P,_,),=0  for all algebraic polynomials P, ,(z) = ) a;z’.
j=0
Let us also note that

Vif@) =% -1y g e o M g @9)
=0 J la
where [7], is the polynomial of Gauss

[m] _(1=¢gm—¢""H..A—g"""
Jla (I-gHA=¢g™H...(A=q) ~’

and that the operator V' has the following recurrence property (see
[10, 23])

Vif@)=f(z), Vif(@=qg "V f(zq)—-V;'f(z), meN.
2.9)

We want to identify @&, with the above K-functional. To this end we
need analogs of the useful relations A7 A% f = A" £, (A" f) = A" f'. For
this purpose we introduce generalized finite differences.

2.1. Generalized Finite Differences

Let f(z) be defined in points zg’, j=0, ..., m, where z, g€ C are arbi-
trary. We define generalized finite differences V"', me N, seZ, by the
following recurrence formulas

VR =f@), VI @) =g N fag) =V f(2). (2.10)

Clearly, by (2.9), V;"’O f(z) =V} f(z). Generalized divided differences V"*
have some useful properties and we shall establish these properties in the
next lemma. The most interesting ones are (2.13) and (2.14).

LemmA 2.1. Let z,qe C and V}>* be defined by (2.10). Then, for all
me N, s € Z, and appropriate |

(_1)m+lvgn+1,sf(z)

1
=Y 0 Y (=D g G f (g Ry (210

Ki=0  kmp1=0



242 KRYAKIN AND TREBELS

V;n+1,s—1f(z) — qf(s—l)V;",Sf(Zq) _ V;"Sf(z), (212)
ViVe (@) =Vt ); (2.13)
(Vi [ @) =V f(@). @19

Proof. The identities of Lemma 2.1 will be established by induction on
m. The proof of the first and the second identity is immediate. For proving
the third one we shall use (2.12). The identity (2.14) is a consequence of
(2.11). The direct calculations are given below.

For m=0 the identities (2.11)—(2.13) are obvious. Assume now that
(2.11)—(2.13) hold for m— 1. We will prove that they are also true for m.

(1) Concerning (2.11) we have

1 1
V;n+1,Sf(Z)=(_1)m Z Z (_1)2]':1](]' q72j=1(j71+5)k]‘

k=0  ky=0

x {f(qu}":lij) 'qufs—f(zqzy;lkﬁo).q(fmfs)-O}
1 1

— (_1)m+1 Z L. Z (_1)2;-”:11 kj qu;-”:f (f*l+s)k]~f(zqz;-n:11 kj).

k=0 km+1=0

(2) Analogously, from (2.10), we obtain

Vel f(z) = g OV f(zg) =V f(2)
— q—(m+s—1){q—(s—1)V;n—1, * f(zq%) — % l’sf(zq)}
—{a VI )=V £ ()
=g OOV f )~V (),

which proves (2.12).
(3) Finally

ViV f(2) =V (g7 Vet f(2q) = VT f(2))
— q—sV;vI,OVZIn—l,s+1f(Zq)_V;,Ov;n—l,s+1f(z)
— V;+l,0v;n—l,s+1f(z) — V;n+s’0f(Z).

2.2. Inequality of Bernstein—Nikolskii—Stechkin

Now we shall use the properties of the generalized differences to prove
the following analog of the classical inequality.
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THEOREM 2.2. For algebraic polynomials P, of order at most n there
holds

1PN, Sn™ IVGPl,,  g=e'"
Proof. For m =1 the estimate
1P, SV, Pll, =nl4i,Pl, (2.15)
seems to be known and can be obtained by using the multiplier theorem for
H? (see [2, 21]). By this inequality and the properties of V7>* we have,

using (2.13) and (2.14) repeatedly,

1PN, S (n—m+1) [V, P&V,
=(n—m+1) (V' P 2Y,
<S(n—m+1)(n—m+2) |V, °V; ' P2,
=m-m+1)(n—m+2) VP ?|, < -
sn(n—=1)...(n—m+1) [VZP,|, Sn™ |[VZP,|,

2.3. Jackson’s Theorem in H?

The following theorem was proved by Storozenko [22].

THEOREM A. Given fe H?,0 < p < oo, and me N, there is a polynomial
Q, of degree n € N such that

1f = Qullzr S @,u(n7", £),.

We shall prove the following variant.

THEOREM 2.3. Let f e H?,0< p < oo, and m € N be given. Then there is
a polynomial R, of degree n > m such that

"f_Rn”H” s(bm(l’l_l, f)p

Proof. Letg=re",0<r<1,a>0,

Y L g (akn
K(g)=(A4)"'——— Ay=—| ———=dt= .
=) s =g || = (")
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Note that the functions K} (g) are the kernels of the (C, a)-means of func-
tions which are analytic in . With the help of these kernels write

R,(2) =5 [ 1@+ ()" Vi f) K () di

— 5 2 (0 [ g ) K (@) e

Then R,(z) = R,(z; f, m, ) is independent of r and is an algebraic poly-
nomial of degree at most n. Indeed, with

fy=3% au’, (A-u)y™ =% b(u', |u<l,
j=0 1=0

we have
Fu)A—w) =% % ab(a)uju.
p=0 I+j=p

Putting u, = zg* and u, = ¢, we obtain

g en | M) pagha—g

— i bl(O() Z] ]k+l —k(m— (k+1)/2)|:’Z] . (216)
q

p=0 I+j=p

The polynomial [}], =3 c,q* is a polynomial in g of degree at most
k(m—k). After multiplying (2.16) by ¢ "*"~! and integrating it with respect
to ¢ from — 7 to 7 there remain only such terms in the resulting double sum
that satisfy

jk+l—k(m—(k+1)/2)+s—n+m—1
=k(j—m+1)—(n—m+1)+k(k+1)/24+1+5s=0.
From the last equality it follows that j<n, so R,(z) is a polynomial of
degree at most n.

Suppose first that 0 < p < 1. Fix me N, n>m, and choose « in such a
way that

2>(14+a)p—(m—1)p—1>1 or aeRp'4+m—2,3p'+m—2]
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is satisfied. We prove the assertion of Theorem 2.3 with R,(z) =
R,(z; f, k,a). We shall use the following facts for H”-functions. There
holds

1 qn+1 14+a
[ 1@ qtsma=]" foa (L) a
forne N, a>0, and

( [ il dz)"s A== [" |fGg/nlrdr,  0<pr<l. @17

The first fact follows by the orthogonality of the functions g* = r*e™*'. For
the second see, for example, [9, Chap. 2, Exercises]. Now, put n, =
n—m+ 1 and estimate

) =R (™)
T p
<l [ g ) K ol

Lt/
1—q/r

p

<S(1=r)r~ lA—ocpr—p(n+m(m 1)/2)j dr.

" fe ,,,,)<

Choose r =1—n;". Then it follows that (1—r)"~'~n|™?, 4, ~n;*, and
pPtmm=1/2) ~ 1 with constants independent of n,. An lntegratlon of the
last inequality leads to

sin(n,t/2)|M+0r

If =Rl =02 [ e, 10, 1S

—:pl-C+Drp

Decompose the integral I at the level 1/n, in two integrals and apply to the
second one (2.6) to obtain

1 1/m n
Isar (—,f e r [ dienr et [T pasorson b gy
)4 n

n
1
Dp—1
crtoriae (L7,
n P

Summarizing, for 0 < p < 1 we have

=R, 50 (5.1 )
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Now assume p>1 and choose a>m. Then, by the integral Minkowski
inequality,

1+a

sin(n,t/2) it

If —R,ll, < (45)~ J Ve, sin(¢/2)

an (1 m |sin(n;/2)
SO <n_1’f > (L sin(t/2)

sou (5t ) 5051 ).
m ? n p

2.4. K-Functional and gq-Moduli of Continuity

14+a

dt+n? f t’”_“_ldt>
1/m

The equivalence of the modulus of continuity &,, and the K,,-functional
in H? (see (2.4) and (1.1)) will now be deduced with the aid of Theorems
2.2 and 2.3.

THEOREM 2.4. For fe H?,0<p<oo,me N, 0<d <m, there holds

@, (9, ), ~ K, (3", ),

Proof. The inequality @&,(d, f), <K, (6", f), follows from (2.7)
(s =min{1, p})

@,,(0, ), < @, (0, f—8), +3,,(3,8), S {If—gl,+5™ llg™II,}-

The converse estimate

K, (6" f), £ 6,5, f),

turns out to be a consequence of Theorem 2.2 and Theorem 2.3.

For proving this, first suppose that 0 <J <m™' and choose n such that
n~' << (n—1)"". With the polynomial R, from Theorem 2.3 it follows by
Theorem 2.2 (with g = e'/"), Theorem 2.3 and (2.7) that

K,,(0", ), <If = Rull, +n " IR,
S (@, (n7", 1), +IVER,II,)
CT)m(55 f)p

(@
S (@
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But this estimate also holds for m~! < § < 7, since by (2.6)

K, (6", [), < K, (", ), < (@m)" K,,(1/m)", f),
$86,(1/m, ), <,(3, ),

This characterization of the g-modulus of continuity allows to give an
improvement of (2.6) for functions from H? in the case 0 < p < 1.

COROLLARY 2.5. IffeH?,0<p<oo,mmneN, then for 0 << nn!

@, (nd, f), SN"®,(9, f),. (2.18)
Proof. By Theorem 2.4,

@y (nd, f), ~ inf {lf —gl,+(nd)" g™, }
™ e HP

g
sn™ inf {Ilf —gl,+6" g™} = n"@,(3, f),-
g™eH?
Remark 2.6. A result of Oswald [17] (see also [2]) states the follow-
ing.

If feH?,0<p<oo,meN,0< <, then (see (2.1))

m

o"g

~ inf - ”
on 0. ), int {1 =gl +07 | 25

2

p}. (2.19)

We want to compare w,, and @,,. For this purpose we prove

LemMa 2.7. Let f™eH?, O<p<oo,meN, and f,(2)=f(z)—
> £9(0) Z7/j\. Then

0" fm
o™

1750, = : (2.20)

P
Proof. 1t is evident by the identity (0f(re™))/(0t) = izf'(z), z = €", that

lof/otl, =1f"ll,- Suppose now that f(0)=0, f' € H?. By the maximal
theorem of Hardy and Littlewood [12] (see also [9]), we obtain

! ’ i i ’ i ' af
=7+ [] reenerar| <ism e, <i, =2
0 P 0<r<l1 t|p
From this inequality we have
d'f, o"f,
—m| < L ji=1,..,m—1. 2.21
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By the identity

™ 9f(z
f(M)(Z) =z Z bj gt(] ),

i=1

and by (2.21) we obtain

z#0, beC, j=1,...m

'f,,
ot/

0" fn
o™

p

~

m
a2, <
j=1

< ‘

The converse estimate can be deduced in the same way.

A combination of Theorem 2.4, Lemma 2.7, and (2.19) gives the follow-
ing result.

THEOREM 2.8. If f e H?,0 < p <0, then

3,0, ), = 0,9, f), ® ©,(0, f1,),» meN, 0<d<m. (2.22)

3. AHARDY-LITTLEWOOD TYPE THEOREM FOR
FRACTIONAL DERIVATIVES

Let f(z2) =37, 7(j) z’ be an analytic function on the unit disk D. For
positive «, define fractional derivatives in sense of Riemann—Liouville by

@( ) — & T(j—[a]l+1+a)
19O = b TG-1al+D)

where [a] =max{i<a:ieNy}. f a=ke N, then f® is the usual deriva-
tive. This definition can be found in the work of Pekarskii [18]; it is in
particular placed in the circle of related fractional derivatives in [20,
Subsect. 23.2]. Analogously to (1.1), we define K-functionals with respect
to fractional derivatives of order o by

K., f),= inf {Ilf —gl,+0 g, }-
g Y eH?

fyz71, 3.1

3.1. A Hardy—Littlewood Type Theorem

The main result of this section is the following theorem.

THEOREM 3.1. Let [ be an analytic function on the unit disc, let
O<p<ooanda>0.
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(A) If feH? then
If e, S A=K, ((1=1)% f),, 0<r<l. (3.2)

(B) Let w(t) be a nondecreasing, continuous function on [0, 1] with
(0) =0 and

f: @ dt < w(5). (3.3)
Then,
If e, SA=r"w(l-r), r—1-, (3.4)
implies
feH? and K, (0% 1), S w(d). 3.5

Remarks 3.2. (i) Note, that part B of Theorem 3.1 for natural « is con-
tained in [27]; there, condition (3.3) was given in an equivalent, but com-
plicated form. An elementary proof can be found in [15].

(i) Let us mention that (3.3) is equivalent to
s
j twi(t) dt S 0(5),  q>0. (3.6)
0

To see this, denote the inequality (3.6) by 4,. Then, on the one hand, it
follows from the monotonicity of w that A, implies 4,,, for all ¢>0. On
the other hand, a multiplication of the Dini condition 4, by 6~ and an
integration with respect to ¢ (say from 0 to J,) lead to

f” l(t) log(8/1) dt < (D).

Now an application of Holder’s inequality from below (with 0 <r=
(g—¢)/q <1) shows that 4, implies 4, , for 0 <& <g/2.

(iii) It is a well known fact that the condition w(d, f),=
0(6%), k > a, is not sufficient for f® e H”, p> 0. Moreover, the results of
Hardy and Littlewood [11, 13] imply that

f@eH? = w4, f),=0(5, O<a<l,p>1.

Theorem 3.1 gives the following refinement.
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COROLLARY 3.3. For a, p > 0 the following conditions are equivalent:
6)) f(oc) e H?:
(2 K,(9% f),=0(5.

In combination with the results in [26], which can be extended to H?,
Corollary 3.3 contains a further characterization of well known saturation
classes in approximation theory.

COROLLARY 3.4. For a,p>0 and P,(2)=X"%_,a,z" we have the
following Bernstein—Nikolskii—Stechkin type inequality

1PN, S n°K,(n?, P,),. €)

This follows by Lemma C below and Theorem 3.1, part A.
The proof of Theorem 3.1 is split up into a series of lemmas.

Lemma B [13,15]. For fe H?,0<p<oo, me N, there holds
If e, SA=r)"Ifl,, O0<r<L
Lemma C. Let P,(z) =3, a;z’ be a polynomial andn >0, p > 0. Then
1P, (eI, < e IP.((1—1/(n+1)) "), (3.8)
Proof. This is a variant of one of the main tools in [14]. For the sake
of completeness we prove it.

In the case n = 0 the inequality (3.8) is obvious. Let n > 1. First note that
for functions F(z), analytic on {z: |z| > r, >0} U {00}, we have

<%f i |F(Re”)|‘”dt>l/p<<j LIF (’e")lpdt>l/p 32

provided O0<ry<r<R<o,0<p<oo. Consider now the function
Fi(z)=P,(z)z™". Tt is clear that F;(z) is analytic in the domain
{z:|z| > ro} U {0}, 1y > 0. From (3.9) it follows that

1 n inp 1/p
(51" 1)

<<21 " a=1/m+) iR -1/@+1) e"'>|f’dz>”p.
TJ)—n
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Lemma D [13]. If feH? 0<p<oo,s=min(l,p), «>0,0<r<1,
then

|' a=pt1senap

s f A=p)=*~tf(pe"l; dp.  (3.10)

The following variant of the definition (3.1) of a fractional derivative is
due to Flett [8]

i A A d * .
FI@=3 Gr0 fDeh M@= 2| fo i ke
= G.11)

It has the useful semi-group property J**#=J%J% 1t is related to the
fractional derivative f®, given by (3.1), in the following way (for the
equivalence in (3.12) see [ 18, Lemma 1]),

a]—1

[ A
F N, 2 W frall, SWfI,+ Y R+ D* [ fRIS I, (3.12)
k=0

where

Jia(2) = i fk) z* (3.13)

k=[a]

since, by [7, p. 981, (k+1)* |f(k)| = 175/ ()| S IT°f1,, 0 <k < [a]—1.
The next lemma is a consequence of Lemmas B and C.

LemMa 3.5. Let fe H?, 0<p<oo,a>0. Then
I f(re"l, s A=) Ifl,, O<r<lL (3.14)

Proof. First note that for natural « =m the lemma follows directly
from Lemma B. Indeed, J"f(z) = X7, ¢;z/fV(z) and, for s = min(l, p),

7" f (rell;, _ZO If eI, s (L=r) 7 I£1l;- (3.15)

Let now a #me N; set m=[a]+1 and f=m—a. Then there holds the
integral representation

it 1 ! 1 1 m it
J*f (re ):mjo <log;> Jnf(preydp, 0<r<l, (3.16)
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which is due to Flett [8]. From the estimates (3.16), (3.15), (3.10) we
conclude that

. 1 '
||Jaf(relt)"; < fo (1 _p)ﬂs—l ”Jmf(preﬂ)“; dp
1 1
s”f”; .[0 (1_p)ﬂs— (1_pr)—msdp

a-n""!
SA=nIA [ a=DP

S (A=) 115,

where we used the substitution ¢ = (1—pr)/(1—r).

LEMMA 3.6. Leta, f=0 andlet g¥ € H?. Then
lg®*P((1—0) eI, S0~ lgP(e™l,, 0<d<1.

Proof. By (3.12), the semi-group property of J* and by Lemma 3.5 we
have

I8 2((1=8) "), S 1+ Pg((1 =) e, 5 57 I/l

On account of the definition of g® we may assume without loss of gener-
ality that g(0) =0 for j=0, ..., [#]—1, hence, by (3.12), [/ %], < [g®l,
and the assertion is established.

Proof of Theorem 3.1. By Lemma 3.6 (f=0) it follows for arbitrary
g™ e H? that
A=) f e, S A=r)* {If “(re") —g“(re")ll, + g (e, }
S{If—gll, +A=n)" g, }-
Thus part (A) of Theorem 3.1 is proved.

The assertion of part (B) is immediate by the hypotheses (3.4), (3.3)
together with the following lemma.

LemMma 3.7. Let fe H?, p>0,s=min(l, p),a>0, and 0<d < 1/([«]
+2). Then

1 .
K% s (A =)= If @ pe")I; dp.
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Proof. By the definition of the fractional derivative we have
P _1(z)=0 and hence K,(d% Py,j_,)=0. Therefore, we may assume
without loss of generality

f90)=0, j=0,...,[a]—1. (3.17)
Let m = [a]+ 1. First we prove the estimate
K, (0% 1), S Bn(0, ), +0* [ (1 =) "), (3.18)

Choose neN,n>m+1, such that (n+1)"'<d<n' and R, from
Theorem 2.3 to obtain

Koc(éaa f)p < ”f_Rn"p +n™" "tha)”p’
Now, by Lemma C,
nIRP|, Sn~* | RP((1—n"") "),
SO(IRP((1-0) ) — fO((1=6) e, +I.f (1 =) e,

Lemma 3.6 and Theorem 2.3 imply (3.18). Since
I I f (A =6) e}, S 1175 (L=p)*  If @ pe")l; dp
it is sufficient to prove that
K, (0", f), 5 11_,5 (L=p)*~ If “(pe")I; dp.

For this purpose consider the Taylor expansion of f.

PG

f,(z)=j§0 5 G, r=1-4
It is clear that
1 z m m—1
fO=£@ =5 | I OE=0"

Hence
K (1=, 1), <= Fl+ (A=) I,
[ ro@GE=0mde) + 3 10 -n i,

<
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By (3.10) we obtain

[ roe-oma

s 1 .
<|J e a-prtap
)4 r

p
1 .
S| A=p)™ 1™ pe)l; dp =: I,

Now Lemma 3.7 follows since by Lemma 3.6

L3 [ A=p)™ (A=) /2 IO +p) /2 )l dp

1 .
S| A=p) 1 Op el dp.
Remark 3.8. Lemma C and Lemma 3.5 also give the following
inequality of Bernstein-type for fractional derivatives
I7*P.ll, < C(a, p)(m+1D)*|PM,, ~ «>0, p>0.
This inequality is contained in [ 3], where multiplier techniques are used.

3.2. Sharpness of the Converse Estimate

We would like to conclude the paper by showing that the Dini condition
(3.3) in Theorem 3.1, part B, cannot be weakened. To this end we need two
further properties of the K-functional with respect to fractional derivatives.
(The following can also be proved by multiplier techniques, see, e.g., [26].)

LemMmA 3.9. Let fe H?,0<p<oo,a, f>0andde(0,1). Then

Km+ﬂ(5a+ﬂ’ f)p S Ka(§a9 f)p
Proof. Let g® e H”. Then it is clear that

Ka+ﬂ(6a+ﬂ’ f)p s ||f_g||p+Kot+ﬁ(5a+ﬂ’ g)p

By Lemma 3.7 and Lemma 3.6 we obtain the assertion (s = min(1, p))

1 .
Keop@ 5[ (1=p) @ g« pe); dp

1 .
s[ A=p)= gl dp
1-0

< 0" gl

Next we give a characterization of all K-functionals in H?(D), p > 0.
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Let a>0. Denote by W, the class of all nonnegative, continuous,
bounded functions on (0, c0) such that

1) w(@)—-0, t—>0+;

(2) (1) is nondecreasing;

(3) t“w(¢) is nonincreasing.
Lemma 3.10. Leta>0andp>0.

(A) If w e W,, then there is a function f € H? such that
K, (6% f), = w(d). 3.19

(B) Conversely, for any >0 and f € H? there is some w € W, such
that (3.19) is true.

Proof. Fix a,p and weW,; following Oskolkov [16] put for
i=0,1,2,...

(2™ 2mf“w(2-mf)><1}
\5 s

my=[a]+1, m; 4 =min{me N : max <a)(2’"")’ 2

and set

f@=73 om)z™,  n=2m
k=0
Let 5 e [n;};,n;") and P, (z) =X;_, w(n;') z™. Then
Koc(éa’ f)p ~ "f‘_Pn,-”p—i_éac ”Pfs)llp

The <-direction is obvious. For the converse we use a property of lacunary
series (see [29, p. 215]), giving
- 2/, —1 12
r=rlx( 3 @) 5l =R,

k=i+1

where the polynomial R of degree n,,; —1 is that from Theorem 2.3. From
this and Lemma 3.9

”f_Pn,»”p sKm((ni+1_1)_l’ f)p SK&(5u9 f)p’ m= [(X.]+1, (320)
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and, by Lemma C and Theorem 3.1,
S IPLl, < 0% IPL((1=n) e, S 0% [PV (1= ) ),
s Koc(éa’ Pni _f) +Koc(5as f) s Kon(éaa f)p

I,

So

Y. nio(n;') z™
k=0

0

Y o)z

k=i+1

+0°

p

K, (0% ), ~

P

~o(n ) +onion; ")~ wd) {wc(o’z(i;r)l)+ngczc((:2(;))} ~ @(9).

To prove part (B) note that K, (6% f), is a concave function with respect
to 6% and thus, by [4, Lemma 3.1.1], belongs to the class I7,.
We are now able to prove that Theorem 3.1 is sharp.

THEOREM 3.11. Let weW,,a >0, and let
. )
lim sup w™'(d) j w(t) t™' dt = +o0.
30+ 0

Then there is an analytic function f(z), such that
If @), s(1-r"w(l-r), 0<r<l,
but

lim sup w7 '(6) K,(5% f) = +c0.
-0+

Proof. Write

0

f@ =3 o)z  n=2%

k=0

2ikoc 2—ik
ip=0, Iert =min{i:%<2m}, s =min(1, p).

We shall show that
A) N e, SA—r)"w(l-r);

(®) w-l(nkl)Ka(nk“,f)%(w*(nkl) » w%nﬂ))lﬂ, ne> o

j=k+1

(C) for some subsequence {s; } of {n, } there holds

lim o *(s;") Y, o'(n;')=c0.
k— o

nj = sg
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The properties (A)—-(C) are sufficient to prove Theorem 3.2, since the
inequalities

o0
Y a}./‘" Sal® and Y. a} Saz, a, |0,
j=k j=k
are equivalent (see Remark 3.2 (ii)).

Proof of (A). First, estimate ||/ (r;e”)| for r;=1—n;"'. To this end
note, if y, = nFw*(n;"), then

270+ Ky /P <271 (3:21)

For any g(z) = X¢_, a,z* the following inequality is true (see (3.12))

lg“@lar 5| X k+1) @z
H

k=[a]

and, therefore,

i n
IF e s z +3 nsnat Y on( ) s,
k=j

k=j il

Now choose r;_; <r<r;. The relation (3.21), the monotonicity of
I.f “(re”)||, and of w(1—r)/(1—r)* as functions of r give

If @re®)E S N1f e S v Sy S (=) 0*(1—7).

The assertion (B) is already deduced in the proof of Lemma 3.10—see
(3.20).

Proof of (C). Let

lim {
k— o0

By making {J,} less dense if needed, we can obtain such a situation that
each interval [n;', n;!,) contains not more than one J,. So we may assume
that there exists a strictly increasing function # with A(k) € N such that
the intervals 4, := [n;(}c), n;(}c)_l) contain one J,. The monotonicity of
@*(t)-t~" and the choice of n, give

5 1/
[ t(t) dt}-a)‘l/“(ék)=oo

0

w(5)

20~ tde4,
5 @) =
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Using the notation s, = n,, it is clear that "/*(s;') > w~"/*(d;). There-

fore,
—1/a(S71)J 1/“(f)
>w—1/a(5)<fk F") o'"(@)
2000 [ 2Ot 65 07 0,) 1/;,Eék)
So we have
lim - 1/a(s_1)j 3 1""(t) — o,
or

11.

12.

13.

14.

lim o *(s;") Y, o'*(n;")=co.

k— oo > si
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